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ABSTRACT 

i 

A dynamical-numerical experiment is designed to evolve thermally- 

driven circulations, symmetric about the polar axis, in the region from 

equator to pole. The selection of variables and transformations of the 

hydrostatic equation system (primitive equations) and the development 

of the numerical analogue are discussed in some detail. The region is 

discretized into volume modules by nineteen levels in the vertical and 

by forty-nine equal intervals from equator to pole. The upper boundary 

is essentially unrestricted. Mass and absolute angular momentum are 

treated conservatively and in terms of fluxes across module interfaces. 

Heating rate distributions are prescribed in space and are stepwise 

introduced to disturb an atmosphere at relative rest or in balanced 

zonal motion. The fields are portrayed in a representative meridional 

plane.  Pertinent numerical analyses are included and compressior- 

gravity oscillations are analyzed. 

The first experiment, designed as a test, evolves the circulation 

produced by unifonrly heating a narrow latitude zone at mid-latitude in 

a Standard Atmosphere at relative rest.  Although receiving thermal 

energy, the heated zone locally cools due to the combined effect of the 

resulting circulation. 

In the major experiment a heating and cooling distribution, approxi- 

mating mean winter conditions, disturbs a Standard Atmosphere at relative 

rest.  The integration evolves the initiation of a planetary circulation 

as frequently discussed qualitatively in elementary, text books.  Various 

applications of the model and further improvements are indicated. 

11 
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^1 

I INTRODUCTION 

The addition and removal of thermal energy in the atmosphere (i.e., 

nun-adiabatic heating) is exceedingly complex, depending as it does on 

radiational exchange processes, convection from the surface, and the 

storage and release of latent heat, and on other processes which are 

significant in the high atmosphere.  The heating itself is for the most 

part strongly dependent on the evolving state of the atmosphere, on the 

distribution of radiating and absorbing substances, the temperature, the 

convective stability, the water forms, the vertical motion, etc., and 

on the time of day.  However, before attempting to introduce any of this 

complexity into dynamical-numerical models, it is necessary to have some 

appreciation of both (1) the distributions of heating and cooling in 

the atmosphere in terms of magnitude and location relative to circula- 

tion systems and geography, and (2) the dynamical significance of such 

distributions. The present project set out to contribute to knowledge 

in both of these areas.  Scientific Reports 1 and 2 on this contract * 

deal with the former; and this work is continuing. The present report 

(Scientific Report 3) pertains to the latter. 

The experiments discussed herein were begun for the purpose of 

investigating the use of a suitable dynamical-numerical model for the 

incorporation of heating, and to learn about the dynamical significance 

of heating distributions.  In these experiments the heating field is 

independently prescribed, by choice, in space and time—that is, the 

heating will not be coupled to any of the evolving parameters. 

It was desired that these investigations should relate and con- 

tribute, in so far as possible, to techniques in the general compre- 

hensive dynamical-numerical modeling of atmospheric evolutions. 

* References are listed at the end of the report. 
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In this work the attitude is to approximate the fields as continue. Re- 

strictions which limit the continuum are imposed only in order to limit 

the magnitude of the task while still maintaining enough degrees of 

freedom for certain investigations. 

The pertinent laws of physics, modified by the hydrostatic relation- 

ship, lead to the so-called primitive (or hydrostatic) equation system. 

The system is relatively unrestricted and provides a broad physical 

framework for the progressive incorporation of additional pertinent 

processes and Influences.  In the last few years it has been numerically 

Integrated and investigated by several groups and researchers.  The 

choice of dependent and independent variables leads to various transfor- 

mations of the system.  Our choice is to use density as a function of 

geometric height as the principal dependent variable of state.  The 

preference for this choice and the system were discussed in an earlier 

(1960) work.  In the system the heating rate appears in Richardson's 

equation, which diagnostic equation specifies the field of vertical 

motion. 

The dynamical significance of heating in the atmosphere ranges 

through all scales.  Understanding is needed of its effectiveness in 

(1) creating thermally driven circulations, (2) modifying the evolution 

of circulation systems, and (3) triggering dynamic Instabilities. 

One of the major problems in the use of the hydrostatic system is 

the determination of initial numerical data for the principal dependent 

variables of density, and horizontal velocity. A smooth specification 

of these fields, in the scale of the discretization, is, in general, 

not sufficient because too much energy appears in compression-gravity 

waves, particularly in the shorter components.  The compression-gravity 

mechanism plays a major role in the evolution. The problem focuses on 

having the correct field of dynamic imbalance, as calculated by the 

numerical analogue of the equation system. 

In designing experiments for specific investigations the objective 

is a minimum amount of complication for a maximum return of knowledge 

within a specified task magnitude.  Along this theme, certain 

^^ss^iffl^^^ j;:c,l:i,-./;:.:^i-,^^^ewwjiiB»K-at^B;a>ffl 



cowplicatlons were selected and incorporated by design while other 

coaplications were tentatively set aside. Experiments can always be 

iaproved upon, especially afterwards. Later sections of this report 

contain criticisms and recomendations. 

It was decided to forego variability in one horizontal dimension in 

favor of many levels in the vertical. The meridional plane is taken as 

the field of variability, and symmetry about the polar axis is imposed. 

The model extends from pole to equator with no flow across the equatorial 

wall. This calls for the use of spherical coordinates. 

The problem of initial-data specification was simplified by limiting 

ourselves to cases which are initially in static (rest) or dynamic 

(steady) equilibrium.  The equilibrium is then upset by a specified 

distribution of heating.  The numerical analogue permits ready determi- 

nation of a field of zonal motion which is in balance with an arbitrarily 

specified density distribution.  The integration itself then leads to 

more general states for the study of subsequent evolutions under the 

influence of heating. 

Frictional processes, both internal and boundary, were also set 

aside.  Friction is not an inseparable complement to heating, but is an 

additional process acting in the evolution, and may be independently 

considered.  It may be argued that without boundary friction, there is 

no cognizance in the model of the rotation of the underlying smooth 

earth.  However, as designed, the model conserves total angular momentum 

about the polar axis at the value initially specified.  In this way the 

rotation of the system is built into the evolution.  The model is, of 

course, limited without the incorporation of friction. 

The numerical analogue was designed in terms of volume modules, 

budgets, and fluxes for mass and angular momentum.  In this way total 

mass and total angular momentum are conserved.  Truncation errors in 

mass and angular momentum tendencies cancel internally in any sub-region. 
(4) 

This is particularly useful in pressure-tendency calculations. 

The conventional "second-order-centered" method of time integration 

(i.e., the leap-frog method) was used with reservations, but as it 
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turned out, with sane advantage in the study of the shortest-period 

coapression-gravity node. 

The nodel is designed to evolve, with linitations, axially syanetric 

planetary circulations under the influence of specified non-adiabatic 

heating distributions which vary with latitude, altitude, and in tine. 

For investigations of sane effects of heating at high levels, such as 

conceived in solar-weather relationship studies, the upper boundary 

conditions are of special interest. They are essentially non-restrictive 

and complete. Thernal energy may be added to, or removed from, the 

upper reaches of the atmosphere in detail as limited by the 
(s) 

discretization. 

For the numerical analogue, the meridional plane is discretized 

into volume modules by 49 equal intervals from equator to pole and by 

19 selected levels with irregular spacing in the vertical. A time step 

of 3 minutes is used in the final integrations. The heating is speci- 

fied for each of the volume modules. 

In the integrations, abrupt changes in heating are avoided by 

Introducing the changes gradually over several time steps. Only 1/32 of 

the change is introduced at first. It is then progressively doubled 

with successive time steps until the new rate is achieved. This pro- 

cedure serves two purposes.  It reduces the compression-gravity dis- 

turbances which would arise by the larger abrupt changes.  It is also 

required, especially in beginning the integration from equilibrium, 

in order to minimize arousing the extraneous degrees of freedom which 

enter by use of the "second-order-centered" integrating procedure. 6' 

In proceeding from time zero to a steady heating rate, the full heating 

may be considered to have begun, effectively, after an interval of 

about 4-1/2 time-steps. 

Only a few experiments were carried out with the model as developed 

and programmed for a Burroughs 220 electronic computer. More was not 

done because it was felt that an optimum had been reached In considera- 

tion of experimental findings, the desirability of model extensions, 

and the economic advantages of reprogramming for a larger computer. 
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The first set of experiments wss designed primarily to test and 

study the model. Initially the atmosphere is at rest relative to the 

rotating esrth. One column (i.e., the region between two latitude walls, 

not quite 2° apart) at mid-latitude is heated at a steady rate which, 

were the column confined by latitude walls so that each level expanded 

at constant pressure, would warm the column by 100C in 24 hours. The 

general results bear on computational stability and the nature of the 

shortest-period compression-gravity mode. The particular results of 

the experiment showed the somewhat surprising result that, as a conse- 

quence of the thermally forced circulation, the heated column becomes 

colder than the unheated environment.  This result is not in error and 

is physically consistent.  It demonstrates dramatically the dangers of 

Jumping to conclusions by qualitative reasoning. 

The major experiment also was begun with an atmosphere at rest 

relative to the rotating earth. The motion is then forced by a steady 

heating and cooling distribution patterned after the winter season. 

The results are suitable as a demonstration of common elementary text- 

book discussions of the atmosphere as a heat engine and the formation 

of zones of easterly and westerly winds. 

The circulations developed by the model must be interpreted with 

the realization that these circulations continue to develop without being 

permitted to break down into longitudinal disturbances due to dynamic 

instability. The zonal circulation and baroclinicity fields progress 

beyond thresholds of such instability. 

If the temptation arises to compare results with mean winter-season 

meridional fields, it should be kept in mind that the real data contain 

the effects of longitudinal waves and eddies. Furthermore, the model 

Is a limited dynamical-numerical approximation.  Lastly, the integration 

has been carried out only far enough to show a few derivatives in the 

sense of a Taylor Series time expansion. 

The model is general in the sense that it can be applied to 

arbitrary planets by changing dimensions, parameters, and initial values. 

Such integrations would give, under specified thermal forcing fields. 
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soae preliminary notions of the planet's circulation. The regions of 

developing shear and baroclinlcity nay give soae indication of cyclone 

belts. 

Another application is that the aodel can be used for saaller-scale 

axially synaetric circulations including the convective scale. This is 

done by shrinking the horizontal diaension and iaposing a constant 

Coriolis force. In this way the effects of a strong local release of 

thermal energy might be exaained. Application is Halted by the 

iaposition of axial symmetry. 



II THE MATHEMATICAL-PHYSICAL SYSTEM 

The basic physical relationships are expressed by the equation for 

continuity of natter. 

di |f = -V.(pV) (1) 

the acceleration equation. 

dt v v - 2ax 
p 

(2) 

and the thermodynamic equation. 

D .  |  -K 
Dt ^ lpP (3) 

The symbols have their usual meaning: p is the density, V Is the three- 

dimensional velocity vector, 8 is the earth's rotation vector, p is 

the pressure, 4 is the apparent gravity potential, C  is the specific 

heat of air at constant volume, K = ^/^v where ^n ls the specific 

heat of air at constant pressure,  R is the gas constant for dry air, 

and Q is the rate at which thermal energy is being added.  Equation (3) 

also implicitly contains the perfect gas law, 

p = pRT 

where T is the absolute temperature. 

As spherical coordinates, we take 0 as the latitude, X the longi- 

tude, and r the radial distance from the center point.  The corresponding 

.... .■■...■;.:. ;.~v:..^:.-i-...  .... .. 



unit vectors are 

4 = r cos 0 VX 

j =  rV^ 

k = Vr 

The velocity vector and the del operator, in corresponding components, 

are 

"V = ui + v J + wk 

V " r cos 0  8A   r 80 K ar ' 

The expansion of the system into spherical coordinates is readily ac- 

complished by first expanding the vector pair (or dyadic) VV , which 

we shall exhibit here, in matrix form, for reference: 

W = j 

i     au    v 
r cos <(> dX      r tan t> + w 

r 
1       av+ utan0 r cos 0 ax      r "^ ^ 

i     aw 
r cos 0 8X 

1   au 
r    30 

i   av_ + w 
r    80       r 

1   8w     v 
r   80     r 

au 
ar 

av 
ar 

aw 
ar 

The earth is taken as a perfect sphere, and, for consistency, 

V* = -g Ik (4) 

where g is taken as constant, 



Only Eq.   (1) and Bq.   (2),  in conponents, need be expanded at thla 
point of the developaent: 

Bo 18 18 fiV tan £ 

+  5P (Pw) + 2p* 

8u 
8t 

8u uv v 8u 
r cos ^ 8X 8$ 

8u 
•St + — tan 4 - Z S* - * üZ 8r 

+ 20v8ln*-rF^iTlx " 2Qwco80-u^ 

(5) 

(6) 

8v r u       8v 
8t r cos 0 8A 

- Zflu sin ^ 

8w 
8t 

u       8w 
r cos ^ 9A 

v 8v 8v      u2 

Fa*" w BF" T ^^ 

pr   8^ v S r 

rl$ " wlF + 2Oucos0 

(7) 

r   ~ p  dr   ~ K (8) 

The requirement of symmetry about the polar axis implies that all 

parameters must be independent of the longitude, X .  We also make the 

usual approximations which are based on the fact that the atmosphere is 

a thin layer on the earth;this is,incidentally, the basis for Eq. (4).  Th- 

terms in w/r , which arise due to the expansion of a sphere with r , are 

neglected. Where r  appears outside of the differentials it is'replaced 

by a , the radius of the earth. 

The Coriolis term arising from w, i.e. 2ßwco8 0, is neglected. 

The hydrostatic approximation is made by replacing Eq. (8) with the 

hydrostatic relationship. 

The coordinate y s a</> is introduced where  </> is expressed in 

radians.  The coordinate r  is replaced by  z  (height above sea level» 



in the differentials. Thus, our system, with the inclusion of Bq. (3), 

which is so far undeveloped, becomes 

t'-Äl<uco^>-wS + 2ß-ta*    (io) 

8v _  v 8v . w IK 
eT " ' v ay    w a* 

Ju2^+20u8Ui* + i^| (11) 

i^B . e (12) 

It is our preference to use the hydrostatic relationship, Bq. (12), 

in integrated form: 

w 

p s g I p dz (13) 

z 

The hydrostatic pressure-tendency equation may be obtained by differ- 

entiating Bq. (13) with respect to time, and substituting for dp/dt 

according to Eq. (9). This yields 

00 

|B = - -£—- f Jr (pv cos </>) dz + gpw (14) 
8t    cos <f> j   fy ^ 

We have yet to derive the pertinent Richardson's equation, which is 

implicit in our system because of the stringency of the hydrostatic 

lationship.  In the hydrostatic system, it falls on w to maintain 
now 

re 

10 



this relationship.    W« first •xpand Eq.  (3): 

We then substitute for   8p/8t   according to Eq.   (14), and   8p/8t 
according to Eq.  (9): 

-p |-d^ i^^08« - ^<PW) + wll+ v-| 

C..P   **    * 

The letter equation is then developed Into the form 

{00 

J^JiT*     [     |(PVC08«)dZ    .^^(pvCOS«) 

p      '        p   J 

The Inclusion of the derived Eq. (15) into our system makes a one- 

equation redundancy. We choose to dismiss the thermodynamic equation. 

This choice is discussed at length in Ref. 3. The selection in this 

case suggests later advantages in the design of the numerical analogue 

of the system. The question of resolution is not involved in this 

choice, since resolution has already been determined by the system as 

a whole. 

It should be kept in mind that with the accomplishment of a complete 

system of equations, with boundary conditions, and based on approximated 

laws and more empirical relationships, the mathematical-physical system 

11 
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has b««n wholly defined. Tr«n«forMtion« of the equation «yate«, 

including change« of dependent and independent variable« are in the«- 

«elve« completely without connequence and are rather a Mans to such 

advantages as: 

(1) For«« which are »ore revealing for understanding of the 

physical processes 

(2) Forms which are wore suitable for the introduction of 

■edifications 

(3) Foras which are «ore revealing as to functional approach, 

including Indigenous functions and power series solutions 

(4) Foras which are suggestive in leading «ore directly to 

better nu»erical analogues in terms of ease of calculation, 

error control, and the nature of the analogue. 

At this point we are exhibiting our system by Eqs. (9), (10), (11), 

(13), and (15). One «ore transformation is now carried out which will 

take advantage of the special features of the axially symnetric mechanics. 

Introduce, 

a cos (f) 

TJ = p cos 4> (17^ 

A 

1/   =   p  wcos 0 (18^ 

where w is the absolute angular speed, and 2t ST,  and 2ir a v    are, 

respectively, the mass and absolute angular momentum of a zonal ring of 

unit meridional-plane area. With these parameters, Eq. (9) transforms 

directly into 

a      a      a (19) I" 'J = - I (vn) - a! (wr,)  . 

12 
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Equation (10), coabined with Eq. (16) leada to 

8      8       8 

The paraaeter w replacea u in Eq. (11): 

(20) 

8v dv       1  8D ■-v-c--WTz-T"sr Öv _ _ _ 
W"ydy'wd%''pdy 

2 2 - a cos <t>Bin <t> (u)    - 0 ) (21) 

These equations, Eqs. (19), (20), and (21), together with Eqs. (13) and 

(15\ are an expression of the system. 

It should also be stated that w » 0 at z = 0 (smooth earth) and 

v - 0 at the pole, where 0 ■ ir/2. 

In these experiments we have extended the model over only one 

hemisphere, and imposed the artificial condition that v = 0 at 0 = 0 . 

In effect we have a wall at the equator.  The upper boundary conditions 

require that the momentum remain bounded.  The effective boundary con- 

ditions are revealed by the discretization, and by the numerical analogue. 

13 
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III THE NUMERICAL ANALOGUE 

The heaisphere, a« represented by diatrlbutions in a representative 

■erldional plane, la divided by aurfaces y y» ' *n* 
which create zonal rings aa voluae aodulea. The a,nth voluae Module 

consists, in the aeridional plane, of one comer, two aidea, and ita 

Interior. All parameters referred to the ■,n aodule are subscripted by 

■,n. The principal evolving paraaetera are located at points shown in 

Fig. 1. 

® 
*mzn ym-izn 

© 

Vn-l 

®, ;® ... z -. 

® 
  

*n* 

ym-lzn-l 
ym-l/2 

FIG. 1 THE ARBITRARY m.n VOLUME MODULE 

The positioning of the parameters comes about in the design of the 

numerical analogue. In this way, the fields are approximated by vectors. 

We shall circle the components of the vectors in order to differentiate 

them from interim uses of the parameters in the development of the 

numerical analogue. 

The y  Increase in regular Intervals, 6y   = a.Tr/98 )  from 

y  = 0 , at the equator, to y.q = a7r/2 , at the pole.  Levels are 

selected In Irregular intervals, from  z = 0  at sea level to 

z1Q » 37 km at the base of the uppermost layer of volume modules. 
18 

The levels were selected according to some rather limited statistics on 

variability in the atmosphere. These statistics are not particularly 

pertinent to the present experiment. 

14 
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For the formulation of upper boundary conditions, It will be seen 

that there is little difference between extending the upper layer of 

■odules from z « 37 km to z =» «, or terminating the layer at, say, 

z " 60 km. The difference, which comes into modeling the module 

dimensional constants, lies within the truncation error, and does not 

affect the degrees of freedom. We have labeled the top as z._ = 60 km 

The arbitrary m,n volume nodule, as depicted in Fig. 1, also 

contains the lines y = ym_i./2 anc' z ~ zn* '    wherea8 ^-1/2 lle8 

midway between y  and ym_i ,  some statistics are brought in in 

selecting z #   The statistics come in the form of the N.A.C.A. 

Standard Atmosphere. The Standard Atmosphere values of the state 

parameters are denoted by the subscript s . The level, zn* , is 

determined by the relationship 

/ 

zn 
p8dz = p8n* (zn - zn-l)     ' (22) 

zn-l 

The level at which p ■ p + is the level z^ , where the standard 

density is a mean for the layer. 

With the discretization of the field established, we proceed with 

the design of the numerical analogue beginning with the simplest of our 

equations, the hydrostatic relationship, Eq. (13).  The pressure is 

simply the weight of the column of air above.  This is developed as 

follows: 

©m.n = 8 J 
V 

dz 

dz 

19 z 

V r=n+l Vi 

= g/    pdz+)       pdz 
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Hero r i« used me a dumy variable for n . Thus, we sake the 

approxlsatlon 

[ r^n+l 

In which our first aodule dlaenslonal constant Is 

LA1ii   n   n-1 

In order to conserve symbols, all module constants will be denoted by 

boxed mmbers, subscripted according to their dependency. Further 

statistical refinement of the module constants is not warranted at this 

time, but should be considered in later developments and applications 

of the model. 

Equations (19) and (20) are both of the form 

|. ♦ = V • ( * V ) (25) 

in a cartesian y,z frame, where ♦ = TJ  and v   , respectively. 

Analogues for these are ideally constructed by first Integrating over 

the y.z area of the volume module, and applying Gauss's theorem: 

^r/*da = -/*Vdi  • (26) 
01 A        L 

That is, the total change rate in the module is equal to the net flux 

rate into the module. In designing the analogues, one-to-one correspond- 

ences are imposed between the mass of the module and the density at an 

interior point, and between the absolute angular momentum of the module 

and pit)     at an interior point. 

16 



The MM of a VOIUM aodule, oaitting the fector 2ira , ia 

approxiaeted by 

J  j  pcos^ 4yd« «®iimCXJ||[21m      (27) 

S-l ym-l 

and the absolute angular ■oaentun of a voluae Module, oaitting the 
factor 2fa3 , ia approxlaated by 

zn y« 
j  J   pw cos3« dydz * ©„„ CIln IIIm       (a«) 

Vl yni-l 

where 

ym 
\3}m- I       cos 0 dy (29) 

ym-l 

ym   „ 
QJ  - /   cos * dy (30) 

ym-l 

For the fluxes through module interfaces, the speeds are suitably 

located. However, p  and poJ    must be interpolated. Linear inter- 

polations are used except for p    In the vertical, for which the 

Standard Atmosphere is again invoked. 

For p , at the level z  , Is used 

ain®m,nn + ®ß)mn <31, 

17 



where 

Hl. 'n ' gn* 
rn+l,* " rn*  p8.n+l,* 

(32) 

n  ln+l.* - V  p8n* 
(33) 

The interpolation is such that it would be exact if the distribution 

were Standard Ataosphere. 

The «ass flux rates are represented by (A)m n and (B)m  , and 

the absolute-angular-aoaentua flux rates by (Cj    and (B) ,  ss v-^inln v»xin,n 
shown in Fig.  2. 

y  z Jm n 

© 
© 

® . ® 

FIG. 2   THE FLUXES 

In this manner, that is by first integrating over the wolume module, 

Eqs. (19) and (20) are approximated by 

dt ©nrn = ^n^m ®m-l.n-®mn
+®m.n-l-®mn 04) 

Ht<S)mn= ^n^m{©m-l,n'©ma 
+ ®rn^l'®J)  (35) 

18 
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«here CEInCZ]mand DDm are the Inverses of GDnC23meQd CD m re- 

spectively.    The fluxes are calculated according to 

«here 

®mn  ^«»{©m+l.n*®««}   ^n^m 

®mn  2 ®mn { ^n ®m.n+l 
+ ^n®^ 

©mn B0mn|©mn.n+® 

©mn  8 ®nm {^n ®m.n+l 
+ &n ®mn}   " 

(™n ®m.n+I + ™n ©mn} 

(36) 

CUD m     (37) 

en- nn«       <38> mn/ n ^^m 

ÖS}m  (39) 

m m 2 C08  *m 

O^m H    COS ^m-1/2 6y 

L^m' \ c-3 *m 

UiUn  = 
Vi.* - V 

mn       = Vl.* - Zn 

(40) 

(41) 

(42) 

(43) 

(44) 
n n+1.' 

033 m"    COS   ^-1/2^ 
(45) 
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/ 

All fluxes are through interior interfaces. They transport fro« 

one nodule into the other. It is apparent that, because the henisphere 

is contained, the nunerical analogue strictly conserves (except for 

randoa round-off) total aass and total absolute angular aoMentua: 

Z   m    CZ1     (p)      ■ constant ««) "^n 1ÄJm VL/nm 

1 CE CD«. ^w^„» " constant. (47) ^^n   m v^ymn 

The suas are taken over all nodules. These SUBS are carried out for each 

time step during the integration as coaputational checks. It is also 

noteworthy that vertical mass fluxes, alone, do not change sea-level 

pressure. 

The analogue for the Richardson's equation, Eq. (15), is also 

constructed by integration over the elemental m,n voluae nodule. How- 

ever, before integrating, we wish to allow for, and make explicit, soae 

dependency of p and p on z , in the module. We approximate the 

statistics of this dependency by isothermal conditions at temperature 

T = T8n* : 

P = Pn* E (48) 

P = Pn* E (49) 

where 

^£_ (z IvT  „     ii 

E = e  sn (5°) 

20 
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Al«o, for «„ , < z < z , n-i     n 

8 
/ ff^ (vp cos ^) dz - / g-  (vp cos ♦) dz + 8 (51) 

where 

19 

Sns 
T~        8 
2^    /  ^ (vp cos 0) dz 

r-n+l   r-1 
(52) 

With these substitutions, Eq. (15) becoaes 

8w 
dz ® mn K.COS 0 

3 l ' 
JT (v P.* cos «) E  / 
J z 

Edz 

+ S E n 
-1 

^T ¥ <v Pn* C08 *> 

+ ^ V ^ Pn* + pn* ^ Q 

We now integrate both sides of this equation over the m,n volume 

module and complete the analogue: 

(53) 

21 



©mn -(an.„.l 'h (^ j^m^n (©mn" ®m-l.n) 

19 

+ ann    Y.    (®mr-®m-l.rl 
r^a+l 

* CD., W l®^ - ®m.lfll| 

+ ™ (®m.ltll + ©^j \(P)m+ltn - ®m-l.n] 

+ 6y  q mn (54) 

n 
This defines some additional parameters: 

mn    = g 
m      r cos <f> m-1/2 

(55) 

ITBI      = R    rp 
g     sn* g     sn* ' ^ 

1 -e 
RT    JWl sn* ' ' 
z   - z    , n      n-1 

)  (56) 

nn   = - T , ^^ n        g     sn^ 

•   z   -z 

1 - e 
RT    „     n     n-1, sn' (57) 

c 22 
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™m-c«.^.1/2 
(58) 

USD    ■ R/4C (59) 

mn 
P 

(60) 

In the forcing ten, Bq. (60), we have mde the epproxiaetion of 

replmcing 0mtn by p^» . 

The reaaining equation for which an analogue 1« deaired is 

Bq. (21). The analogue is con»trueted by 

5-0 mn " 0inn|Qin+l,n'®ni-l,n| 2  6y 

" ™n(GL + ®m+l,n+ ®«n+l,n-l + ®m,n-l 

Um,n+1    Um,„-l)    Qu+@: 

®m>l.n'®mn     2_ 
«y 

m+l^i 

- nn m ®m+l.n + ©r-'2 " * 02 'mn 

The additional parameters are 

(61) 

DSD    - n "   4<Vi/ ' Vi,^ 

m 
a cos <t>    sin 0 

(62) 

(63) 
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The space dependency of our ■etheaatical-pbyeical syatea la thua 

niaierlcally Modeled by Eqa. (23), (34), (35), (54), and (61). Also 

Implicit in our ayaten la the perfect gaa law, which ylelda 

®«n-®nm/R©inn <64) 

Soae further diacuaaion of the boundary condltiona la neceaaary. 

The lower boundary condition ia 

(65) 
m,0 

The vertical action is thua diagnoaed by progreaaing upward with the 

analogue of Richardson's equation, Eq. (54). 

The upper boundary condltiona essentially take the form 

®,o - (?)  1Q = 0 (66) 
m, 19  ^m.lS 

This implies that we consider z,g to be effectively at infinite 

height. Examination reveals that the heating in the upper layer of 

modules has little effect on the evolution via the analogue of 

Richardson's equation, Eq. (54). Because of Conditions (66), the 

calculated (w)  .„  are used only in Eq. (61) , in determining a 

mean w for the vertical advection.  The influence there is rather 

minor. 

More realistic Influence of the upper layer heating may be built 

into the model as follows.  Equation (23) yields 

®m.l9=8mi9(l®m,19| 
(67> 
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Thi», in affect, •peclfie« the te«per«ture there. According to 

Bq. (65), then. 

By pre.cribing 0319 •■ • «unction of m and ti«e, the heating of 

the upper layer »ay be modeled into the analogue. Thia requirea 

auitable modeling conaiderationa.  In our experimenta, CU19 •»■ 

left aa a conatant. 

The boundary conditiona at the pole and at the equator are, 

reapectively. 

(68) 

©49. n' = 0 (69) 

©O.n = =   0 (70) 

Additional boundary specifications are required because of the use of 

double differences in Eqs. (54) and (61). In Eq. (54), in the 

with the coefficient OE] , appears the centered double-interval 
some 

term 

difference 

®m+l,n ' ®m-l,n 
(71) 

For m = 49  thia is replaced by the one-sided difference 

2(®49.n-®48.n) 
(72) 
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and for m ■ 1   it i« replaced by the one-sided difference 

*|®2.n -©..■!    • <73) 

In Bq.  (61),  the centered double-interval difference 

®m,n+l   " vL)in,n-l 

is .i«ilarly .odifled for n - 1  and n - 19 . This oakes the nu«.rical 

analogue system a coaplete system. 

We have followed the procedure of first numerically modeling the 

space dependency of our system. It remains to discretiw» the time 

dependency and to indicate the integrating procedure. The time con- 

tinuum, t , is discretized by time-increment öt , such that 

t « T fit  , T - 0,1,2,3 . (74) 

where   T    is the number of the time-step. 

Initially,  and at any subsequent time-step,   the complete specifi- 

cation shall consist of the principal dependent parameters: 

mn 

mn 

for     m  =  1,2. ..49 ;     n •  1,2. ..19 

for     m  =  1,2. ..49   ;     n =  1,2. ..19 

© 
© 
©for     m  =  1.2. ..48   ;     n  =  1,2...19 

mn 

(75) 

From these we may derive 

©mn  '©mr/® mn 
(76) 
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and dlagnosefpY.  according to Eq. (23) andfw]    according to Bq. (54). 
vl/min \-/intn 

The principal dependent parameters, (75), at t ■ T dt , «ay be 

represented by the vector V., . Equations (34), (35), and (61) give us 

I dt X, (77) 

as non-linear functions of the parameters.    This derivative is approxi- 

mated by the double-interval difference 

(Xr+l " Xr-1 ) /2  öt (78) 

which gives the conventional "leap-frog" integration procedure, 

~T+1    ~T-1 | dt  ~ 
(79) 

This completes the numerical analogue. To begin the time integration, 

using Eq. (79), requires that we know V  for two consecutive time- 

steps. 

Stationary solutions of the numerical analogue, i.e.,--Tr Y ~ 0 , 

include the class of zonal flows 

vL/mn 
(80) 

with ©m.n  and Gln.n    s^isfylne 

'mn       2 ®m+l.n -©i 
®mn +©m+l.n    ^ 

+   121] m I©   .1      +©        l2-4fl2 
wm+l,n      ^^mn 

=  0   •     (81) 
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Equation (81) derives from Eq. (61). Equations (80) and (81) also 

include the degenerate case of relative rest: 

©„„-«>■ ©mn " n • ®». ' 'n •      *"* 

In these experiments, the integration is begun by specifying a 

stationary solution, representing conditions both at T * 0  and 

T • 1 , The equilibrium is upset by the commencement of heating at 

T « 0. The heating is introduced in steps, as discussed in Sec. I. 

The experiments discussed herein are limited to integrations 

begun with a Standard Atmosphere at relative rest. Heating-rate 

distributions, Eq. (60), 

q   for m » 1 2. ..49 , n « 1,2. ..19 Minn 

are specified constant in time, except that they are gradually intro- 

duced as follows: 

Time Interval Proportional Rate 

0 to 2 öt 1/32 

6t to 3 6t 1/16 

2 6t to 4 fit 1/8 

3 öt to 5 öt I/4 

4 öt to 6 öt 1/2 

5 öt to 7 öt 1 

etc. 1 

28 
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The levels selected and the Standard Ataosphere values for calcu- 

lation of the constants are shown in Fig.  3.    The values (p)n    and @|1 

correspond to the initial specification @n - p^» , and are deteimined 

by Bqs.   (23) and (65)  respectively.    Additional values required are: 

6(t> » 0.03205706 radians 

a - 6,371 kn 
-2 

g a 9.80665 meters sees 

R = 287.04 kj ton'1 deg' 

C = 1004 kj ton"1 deg" 

The integrations are based on the meters-tons-seconds system of units. 

The computational stability of the analogue and the magnitude of 

the time increment, 6t , are discussed in Sec. IV. 
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XV TSST ZXTBGRATIONS, COMPUTATIONAL STABILITY AND GRAVITY WAVES 

The "leap-frog" Mthod of tlae integration, Bq. (79), has aeveral 

recognized undesirable properties which limit its usefulness. It is 

used here in the interests of siaplicity and econoay. 

The centered single-difference analogue, 

^I±j " "T , *. 1 (v   + V 1 (83) «t      dt 2 (~T+1   V 

is more accurate and apparently more natural.  It is implicit and may 

be used by reiterating each tine step. The convergence condition imposes 

an upper limit on dt..    The programming is more complex and the compu- 

tations are lengthier than for the "leap-frog" method. For these reasons 

it was not used in our limited experiments. 

These analogues, Eqs. (79) and (83), are readily analyzed for 
(?) 

linear systems * , 

iv = UV (84) 

where the matrix M is an analogue of the linear operations. Such 

analysis is quite pertinent to non-linear systems because of the high 

degree of inherent linearity exhibited by evolutions and phenomena 

which are governed by such systems. This is especially so for gravity 

waves in the atmosphere, as will be demonstrated later. 

Our numerical analogue was programmed for a Burroughs 220 computer 

having a 5000-word core memory and adequate magnetic tapes. The magni- 

tude of our problem required a considerable amount of data transfer 

between tapes and cores for each time-step. As programmed, the computer 

running time per analogue time-step required approximately 1.25 minutes 

of calculations and 1.15 minutes for tape movement.  In addition the 
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lull output of the field. ® ,® , ® ' © ' fe ' "d ©for . speci- 

fied tl«e-«tep required «pproxiBetely 2.75 ainutee of on-line Ubuletion. 

With output, thi« total« to an npproxiMtion of 5.16 ninutea per ti«e- 

atep. 

The «i» checka for total «aaa, Bq. (46), and total abaolute angular 

■oaenttm, Bq. (47), are calculated for each ti«e atep. 

The heating rate, Q , haa the dl-enaiona lenergy »aaa"1 ti-e"11 , 

whether conaldered aa parcel or local input. In our «yate« the Q field 

la locally apecifled. 

A frequently encountered convention la to express heating in terM 

of the equivalent temperature change of a parcel at constant preaaure: 

The interpretation of this specification can be «isleadlng if It suggests 

its tl«e integration, 

ÖQ - C ÖT (86) 

which is not generally meaninglul in the circulating atmosphere. The 

full relationship for local temperature-change rate, implicit in our 

system, is 

Q = C 

In the case of a column whose motion is restricted to thermal 

expansion in the vertical, each fluid layer remains at constant pressure 

hydrostatically. For this evolution, Eq. (87) reduces to 
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and Bq. (15) reduces to 

8w 
8S 

_L a 
C  T 
P 

(89) 

For a sufficiently saooth teaperature structure, Bq. (88) aay be approxi« 

■atod by 

8T 
(90) 

Since Q Is apecll'led locally, this Integrates Into the approxiaatlon of 

local teaperature change stated by Bq. (86), in which case 

ÖTE « ÖT (91) 

Our Integrations, starting with an atmosphere at relative rest, cosnence 

in this fashion. 

With the convention, Eq. (85), introduced into q    , Bq. (60), 

the numerical specification of the heating distribution takes the form 

"mn Rpsn*(*) mn (92) 

where ^5 m.n is an average value  lor the   m.n  module. 

As a  first  test experiment,   the Standard Atmosphere,  at  relative 

rest,   is  disturbed  by  the heating distribution: 

for        m   ^   25 0  ■  o 

ß) =   10° C/24 hours 
(93) 
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This expepi»ent was designed In order to excite the sasllest-scsle «odes, 

with the prospect of physically interpreting the evolution. 

In order to anticipate the evolution, we should expect the following 

sequence of events: The heated colmm expands upwards. This causes an 

excess of prewure, over adjacent COIUMS, at all levels above the sur- 

face. The horizontal pressure gradients so established accelerate the 

air out of the heated coluan both northward and southward. Because of 

this upper mass divergence, a pressure deficit first appears at the 

bottom of the heated coluwn and is progressively shown by a deeper 

surface-based layer. This causes a lower nass convergence and the cir- 

culation pattern becoaes established. 

For trial run nuwber one, «t = I hour was arbitrarily selected. 

Computational instability was expected for so large a time increment, 

and the integration was carried out only to time step T = 6 . The 

computational instability was violent, because the tendencies were 

allowed to act for 26t « 2  hours without being checked by their conse- 

quences.  The horizontal mass divergence appeared at upper levels in the 

heated column, at T « 3 . By allowing it to act from  T = 2 to 

T = 4 , it more than evacuated the upper three modules, producing 

negative density. 

For trial run number two, the time increment was reduced to 

fit = 6 minutes, and the integration was taken out to T = 16 . Again 

we had computational instability, but the growth rate was slow enough 

to permit a careful analysis. 

The computational instability was manifested as an oscillation of 

mass between even- and odd-numbered whole columns.  The period of this 

oscillation was 4 time steps.  The disturbance propagated northward 

and southward from the heated column at the rate of one column every 

two time steps. 

For the disturbance growth-and-propagation mechanism, only a few 

terms acted in the numerical analogue.  In these, where®m+i,n + 

(p)    occurred, it could be approximated by 2 pgn!t[ . In effect the 
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analogue reduced to 

I-®™.» Q".^®»-!..-®»»} <M, 

ff®«.    -  jr^Fl®m*l.n-®mn) W8) 

and the hydrostatic preaaure,  Bq.  (23).    These four equatlona «or« a 

coaplete linear ayatea. 

Apparently, neutral coapreaaioa-ßravity-aode oacillatlons between 

adjacent coluana had been tranaforaed by the nuaerical analogue into 

growing «odea.    Since it appeared that the disturbance «echanis« was 

essentially linear,  the effect of the ti«e-integration procedure was 

linearly analyzed.^7' 

We analyze the effect of approximating 

-£   V  =  M V (97) 
dt    ~      « «w 

by 

V =  V    ,   +   2 öt M   V^     . (98) 
~T+1 ~T-1 «    ~T 

The system of Eq.   (97)   has characteristic solutions  (modes) 

ict .    I  ic6%\T 
V(t)  = Re:   yelct  = Re:   V (e       |        ■ 

Substitution in Eq.   (97)   yields the system of equations 

I M  -  id]   Y  =  0 (100) 

(99) 
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where I  is the identity aatrix.    This impose* 

1^ -  icil = 0 (101) 

Thia characteristic polynoaial has in general as aany roots^ C. , as 

Y has coaponents. Corresponding to each characteristic value, C. , the 

aystea of equations in Bq. (100) yields a characteristic vector, V, . 

The system of linear equationa in Bq. (98) has characteristic 

solutions 

V, - Re: VyT (102) 

Substitution in Eq. (98) yields 

2 6\y (103) 

In comparing Eq. (103) with Eq. (100), we see that they have the same 

characteristic vectors, V. , and that corresponding to the characteristic 

value, C. t  we have 

2 6t y. ' i Cj 
(104) 

This quadratic has the two roots 

y.  = i öt C 
J ^V^7 (6t Cy (105) 

The positive root approximates the proper modes, while the negative root 

yields extraneous modes admitted by the "leap-frog" method. 
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Consider • neutral node with characteristic value Cj (i.e., Cj 

real) and a tiae increasnt such that 

6t C. > 1 . (106) 

The proper aode of the "leap-frog" aethod yields the characteristic 

value 

yi   - JötCj +-v/tötCj)
2 - l>=   IM (107) 

where ft   is real and greater than one.    Thus,  the neutral aode is trans- 

formed into an amplifying aode which satisfies 

Xj,T+2/Xj, 3 - u2   . (108) 
T r 

This explains the evidenced growth cycle of four ti«e steps. 

All neutral modes for which 

C. > 1/öt (109) 
J 

are transformed into amplifying modes, and the greater C. , the greater 

is the resulting growth rate. This is what we assumed has happened In 

our integration. 

Equation (108) provides us with a test which we can apply to trial 

Integration number two. For the component ^ =(^)25 19  it turn8 out 

that 

V9/V7   =  -3.328 

V10/V8  =  -3-329 

V11/V9  =  -3.493 
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'i^io ■ •   -3.488 

^u  • ■   -3.512 

VV12   ■ >   -3.504 

»IS^U   ' >   -3.452 

Vl^V14   " ■   -3.228 

The coaponent    V "©25,15    WM '1"0 trled: 

V15/V13    -    "3-626 

VV14    *    -3-616 

These rmtios are renarkably steady. 

Since the oscillations occur between adjacent whole coluans, and 

we have 49 colunns,   there must be a whole family of modes with oscil- 

lation periods spread over a narrow range.    This spread should arise 

because of the  m-dependency of the module constants.    The ratios above 

may reflect mode predominance because of the manner in which the motion 

was initially excited. 

As a reasonable upper limit on the ratios we select 

This yields 

6tC. 1.25 

and 

C.   « 0. 21  radian per minute (110) 
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This corresponds to the period of oscillation 

^r-   « 1810 seconds (HD 

Another Method of spproxiastely detemining this chsrscteristic 

period is by the following soaewhst crude analysis of a simplified aodel. 

Consider the coapression-gravity oscillation between two adjacent voluae 

modules. Equations (94), (95), (96), and (23) yield: 

sr®2 --sr®i- E]nEin® 

® = mnci]m 2psn,© 

är©^-l®2-®il/v^ 

(p)2     =gCI]n|02 

From these equations we derive 

i © = -2 © 
where 

k2 = T^ mf B\n unm [Em oy n       n        m        m 

k «  -][$[&*   / öy 
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This further shows thst the spread in periods which this fsaily of aodes 

has in our eodel due to »-dependency is probably rather slight. As an 

upper-bound estiaate we put öz > 25 km . This yields 

k « 0.15 radian per minute 

which is soaewhat lower than our over-all estieated upper bound, 

Bq. (110). 

The preceding analysis iaplies that this font of coaputational 

Instability should be eliainated by choosing a tiae increaent 

6t <  l/C 
max. 

We have estimated CJ^JJ »t 0.21    radian per minute.    Thus,   the upper 
liait on   fit   is 

«4.8     minutes 

In all subsequent integrations we use 

6t " 3  minutes 

This means that, as programmed for the Burroughs 220, the Integration 

progresses at about real time. 

At this point in the experiments the computer program was speci- 

fied to tabulate a set of outputs at intervals of 20 time steps.  Such 

a set of outputs consists of complete tabulations of each of the six 

fields, P , T , w , p , to  ,    and v . The purpose in having two 

successive values in time is to inspect for stability and smoothness 

of the evolution, in particular, to determine the growth of extraneous 

behavior admitted by the "leap-frog" method. The availability of the 

fields in high-speed memory favored the output: 
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Fields P. T.w. for T - 1.2; 21, 22; 41. 42; etc. 

Fields p.w.v,  for T » 2,3; 22. 23; 42, 43; etc.      <11S) 

Thus, we have ell six fields for T « 2.22,42,62, etc. In addition, the 

sua checks for aass and absolute angular aoaentun «ere tabulated for 

every tiae step. 

It should also be Mentioned that the conputations are carried out 

in "floating point" arithmetic with approxiaately eight decimal digits 

carried throughout. 
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V    RESULTS,  ONE COLUMN OF HEATING 

A Standard Atmosphäre at relative rest is disturbed by the steady 

heating field prescribed by Bqs.   (93).    This heating is liaited to the 

region between two latitudes (Coluan 25 in the representative aeriodional 

plane)  at aid-latitude.    The equivalent temperature rate,  Eq.  (85),  of 

the heating ia uniform (100C/24 hours) at all levels in the region. 

The heating is conwnced in steps,  as discussed in earlier sections. 

following the trial runs that were analyzed in Sec.   IV,  the experi- 

ment was repeated using the time increaent of 3 minutes.    The integration 

was carried out to   T   = 23 (approxinately two periods of the shortest 

mode in our model).    No computational instability was discernible. 

Although this experiment was designed primarily as a test of the 

model,  the results appear to be sufficiently interesting for inclusion 

in this report.    The circulation established at T   =22 is shown in 

Figs.  4 to 10.    These figures show that section of the representative 

meridional plane over which the disturbance has spread appreciably.    The 

vertical height scale is linear in terms of Standard Pressure,  except 

for the upper two module layers where this scale is magnified by a 

factor of ten (see Fig.  3) .    Because of this change in scale,  the isoline 

analyses are not carried to these upper layers.    The equator is at   yo 

and the pole at   y.„   . 

Attention is drawn to the fact that Figs.   5,   6,   8,  and 9 show 

anomaly,  or change from the Initial values.    This is indicated by the 

subscript "a."    In the case of Fig.   8, 

a)    = w  _   ß  = u/a cos d)    . (114) 
a r 

These figures speak well enough for themselves. Of particular 

Interest Is the somewhat surprising phenomenon of local cooling in the 

one column which is receiving thermal energy. This is due to the 
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FIG. 4   ONE-COLUMN HEATING, w at T » 22 
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•atabliahad circulation which bring« MISS Into the colmm below and out 

of the coluan shove. The sssoclsted sscent snd sdiabstlc cooling 

apparently Is sufficient to overcoae the heating. In local Influence. 

Figure 10 Is a streamline scheastic. The vectors shoe the 

streaallne slope, with an exaggeration of 100 In the w to v ratio. 
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VI RESULTS, HEMISPHERE WINTER HEATING 

Por our «ajor experlaent, a heating rate, designed to approxinate 

■ean winter conditions, was used as the forcing field. 

For the net radiative contribution of the heating we used the 

distribution of Coulson^. To this was added an estimate of the contri- 

bution of latent and sensible heat carried into the atmosphere from the 

surface layer. Fig. 11. For the latter, an equivalent temperature rate 

was calculated on the basis that this energy goes into uniform heating 

of Coulson's^1' model of the troposphere at each latitude. The total 

heating field in terms of equivalent temperature rate, Tg , is given 

in Fig. 12. This distribution was used as the forcing field. 
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FIG. 11   ESTIMATE OF LATENT AND SENSIBLE ENERGY RELEASE 
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This approxiMtlon of mmn «inter hratlng «as introduced in ateps 

to disturb a Standard AtMsphara at relativ« reat. A tiae increaent of 

3 ainutes «aa used. The integration «aa carried to T - 183  . The 

output «aa aa apecified by Bq. (113). 

The reaultin* evolution «aa aaooth, aa ahovn by aelected V COB- 

ponenta given in Table I and graphed in Pig. 13. Careful analysla of 

aucceaaive values in Table I shows that very little extraneoua behavior 

haa been admitted by the "leap-frog" aethod. 

Figurea 14 to 19 shoe the distributions of w • P ft » Pa » v ' 

w  and T  respectively, at tiae step T = 22  (approxlaately 
ft     ft 

Hour 1) . The aubscript "a" indicates anoaaly, or change froa the initial 

values. 

The reaaining figurea, Figa. 20 to 27, refer to T = 182 (approxi- 

aately Hour 9) . Figure 25 is obtained froa Fig. 24 according to 

Eq. (114) 

U » ft COS 0 w^ (115) 
ft 

Figure 27 is a streamline schematic. The vectors show the streamline 

slope, «ith an exaggeration of 100 in the w to v ratio. 

The evolution is quite amenable to physical reasoning. The 

atmosphere shrinks by cooling, which is stronger northward. This 

shrinking results in a northward pressure gradient and northward 

motion at higher levels. As this flow progresses, carrying mass 

northward, a southward pressure gradient and southward motion develop 

at lower levels. A major single cell meridional motion develops with 

minor superimposed cells. By Hour 9, a core of westerly current has 

developed at about 50° North and a height of about 10 km. 

The sum checks for mass and absolute angular momentum remain 

steady except for minor round-off which appears to be quite random. 

As shown by Fig, 13, the evolution is in a stage of continuing 

development at Hour 9. The main cell seems to be shifting and 
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FIG. 14   WINTER HEATING, w ot T - 22 H hour) 

Units:   10"4 cm sec-1 

57 



no 

19 

W 

17 

-0 •0 -0 •0 -0   '   -0   1   -0 •0 •0 •0 -0 •0 •0 •0      -0 •0 •0 •0 •0 •0 •0 -O •O •0 

-0 -0 -0 -0 •0       -0 -0 •0 -0 •0 -o •0 •0 -0      -0 •0 -0 -0 -0 •0 ■0 
i 

•0 •0 

., -1 •1 ., •1    i   -1 .1 -1 •1 •1 •1 H ■1 -1 A •' -■ •I -1 •1 •1 •i 

16 
•1 -I •i •2 -2 -2 •2 •2 -s -3 -3 •s •3 •3 •3 -3 •3 •2 •2 •2 •2 -2 

IS 

-9 -9 -9 •9 •9 •9 •9 -9 •» •• •• •• •« •4 •• •4 -9 ■9 -9 •9 -9 -9 -4 

14 
-T -T •• •• -• -• -• •t -t •» •t •• •» -• -» •t •9 •9 •■ •• -• •7 

13 
■9 -• ■* •» - .^ 

.•40- -IB* -■a- Tb" "*! "V •II ""-KT To" ":» ^ 
-9 ■9 ■» ■a -T 

12 
•» -9 ■» ■9 4Ü •4&. -i2- JO. .-J2. -JP- -•iO- -0- --•«- "V •• -7 -7 -T -4 ■6 -6 •9 -9 

-9 -9 -9 -9 •9 -9 -9 ■9 -9 -9 -9 -5 -9 -4 •4 -4 -4 -4 -4 -4 •4 •4 •4 •3 

10 

2 

WAM 

3 3 3 3 3 3 2 2 2 2 2 2 2 2 2 2 2 2 1 1 1 1 l 

9 

8 9 -JO" -W" II 

. IO . 

-"- 
-*a_ 9 9 a a a 

II II II " " II II " " 

B 7^ 
ii 13 14 IS 16 17 17 17 18 18 18 19 

-20- 
19 19 19 19 19 19 18 17 16 16 IS 14 

7 

14 15 17 18 

^ 
-*r 21 22 22 29 29 26 26 26 26 26 29 24 23 22 21 "»«s 19 18 

6 
IS 16 18 ^ 22 23 24 25 27 29 29 29 29 29 28 28 27 26 25 24 22 21 21 ^ 

 1 

19 

9 
IS 17 19 I 21 22 24 29 26 27 28 28 28 28 27 27 26 26 

23 

25 24 22 21 20 y 19 

4 

3 
16 17 18 zis 

^ 
22 22 23 24 24 25 25 24 24 24 23 22 

-nr* 
21 

19 18 17 

19 

17 

18 

16 

18 

16 

2 
16 

17 

17 

18 

18 

18 

19 

19 

19 

19 19 19 18 

—2£L 
ie 18 18 17 

fll 

16 16 16 16 16 IS 15 15 14 14 14 13 

1 
17 18 18 19 19 19 18 18 17 16 IS 14 IS 13 12 12 II II II II II 12 II II 

49     48     47 

58 

«nfflsaio ftstiriBJ.hfciiP.KiS im JSM U siaeiö5s»s^!3»5safflsMa4üKga; 



•0 •0 -0 -0 -0 •0 -0 ■0 •0 -0 -0 -0 •0 ■0 ■0 •0 •0 •0 -0 -0 •0 -0 •0 •0 •0 

•0 0 0 0 0 0 0 0 0 0 0 0 0 f 
^^^   

"■*"" 
0 0 0 0 0 0 0 0 0 0 

-1 -1 •1 -1 -i -0 -0 •0 -0 -0 -0 -0 -0 l" 0 0 0 0 0 0 0 0 0 0 0 

-2 •2 •2 -2 ■2 - -1 -1 •1 - - -1 -0 ^- -^ ^p 0 0 0 ' 
■»Oa 

1 1 1 1 

-4 •4 ■4 -4 -3 -s -5 -3 -s -3 -3 •2 ■2 -2 -2 -2 -2 -2 -2 -2 •2 -2 -1 -2 -2 

-T -6 -« -6 -5 -s -» -5 -5 -4 -4 -4 •4 -3 -3 -3 -3 -3 -3 -3 -3 -3 -3 -S -3 

-6 -6 -6 -6 -S -5 -5 ■S -4 -4 -4 -4 ■3 -3 -3 -3 -3 -2 -2 -1 ■2 -1 -1 

2 

Ji~ 

-S -S -4 -4 •4 -4 -4 -4 -3 -3 -3 -3 -3 -3 -2 -2 -2 -1 - 
> 

2 3 

-3 -3 -3 -3 -3 -3 -2 -2 -2 -2 •2 -2 -2 - -1 -1 - 
> 

S 1 2 3 3 4 4 

1 ' 1 1 1 2 2 2 3 3 3 3 3 3 1 1 1 1 1 1 1 1 1 1 1 

8 8 7 7 7 7 6 6 6 S S S 5 S S S S 5 S S 3 2 2 2 

13 13 12 

"'0- 

12 II II -m- ̂  9 9 8 8 8 7 7 7 6 6 6 4 2 1 

^ 
<^o 

17 16 IS IS 14 13 13 12 II II V 10 9 9 8 8 6 5 2 

> 
^ 

r-— 
-1 -2 -2 

18 18 17 16 IS 14 14 13 12 12 II ,N, 9 8 6 3 
^ 

^ -» -3 -4 -4 

-6 

-4 

-6 18 17 17 16 IS 14 14 13 13 12 10 y 8 6 4 2 ^ -2 -3 -4 -5 -6 -6 

17 16 16 IS IS 14 13 12 II ^ "9 7 S 3 >- < -4 -S -6 -7 -7 -8 -8 -8 -7 

IS IS 14 13 13 12 -M — ~*r 9 7 6 3 J^. *** -3 -5 -7 -8 -8 -9 -9 -9 -9 -9 -8 

13 12 II II „ 

a 
"s"" 8 7 6 4 J^ ̂  -3 -4 -6 -7 ,;* -KT -II -II -12 -12 -II -II --itr- 

10 
^ 8 7 6 4 2 

^ 
<2 -4 -6 -7 -9 ^1-12 -12 -13 -13 -13 -13 -IJ -12 -11 

25      24     23     22      21      20      19       18      17       16       15      14       13       12       II       10       9       8        7        6        5       4        3       2        I 0 
l)0-Xt>4-44 
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FIG. 16   WINTER HEATING, p, ot r . 22 H hour) 

Units:. 10"3 mb 
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FIG. 17   WINTER HEATING, v of T - 22 H hour) 

Units:   10"2 cm sec"' 

63 

IW.K&ti'<MK>SWä*ftS<S2a HHMlüMWWKiBMWHiHigga^agaHa 

>: 



1(0 

48  47  46  45 43  42  41  40  39  38  37  36  3S  34  33  32  31  30  29  28  27  26  25 

64 

1 



4M 4M an saa 409 41« 410 401 35» SIS 2»l 23a 20» 16» 153 ioa »0 2S 0 -M -43 -52 -6» -sa •sa 

in 1» ITfl i» iaa IM «7 iaa isr 
«P 

II» 101 »0 Tl ai ioa ao a» aa ai 32 40 2» 21 28 29 

Hfe i4a IS» ISI w"* SS3. *<f ISS na 107 s** »1 71 
\ 

2a • ( -10 -i» -2a -21 -S2 -SO -sa -S7 

IM lit IZO ne IIS 124 141 MS IST na. -UM. _lp7 3>j »0 62 >« 2» 12 3 -5 -4 -a -a •14 -12 

•4 Tl •4 •7 sa I« 75 S7 64 54 52 4» 28 n '* 

( 

-2» -22 -52 -4S -s» -S7 -45 -SS 

•4 •0 M 70 68 at 60 as SS 60 sa 41 sa 23 10 10 \ -1» -20 -30 -24 -22 -32 -sa -2S 

<5 
•4 7S 77 64 aa 60 sa ^s 60 7 47 s» 28 20 5 7> V -20 -22 -IS -1» -27 -2a -21 

7 n 7t ca 60 aa 62 "{ 45 V!> /£ 38 32 30 18 14 7 
\ 

-8 -II -17 -22 -30 -21 -24 

/ 
•z 7a 71 as 35 ss 54 51 ^ 48 45 39 34 25 24 15 7 

\ 

-8 -9 -7 -16 -ia -23 -20 

•4 

> 

J* ^ 4S 42 36 34 37 35 35 33 21 17 17 10 7 2 

\ 

-2 

\ 

-7 -8 -14 -IS -20 

/ sa 37 
i 

37 36 30 28 26 23 27 26 22 20 16 17 13 10 5 6 ] -5 -6 -12 -16 -14 

32 28 29 25 23 21 15 17 18 20 21 19 16 14 17 II 8 4 4 

/ 

-7 -II -15 -13 -9 

19 18 17 16 14 13 10 10 15 15 16 14 15 8 II 10 6 2 4 
f 
-4 -12 -8 -II -8 -10 

57 37 39 37 44 40 41 49 44 38 38 30 42 53 50 32 33 38 41 -41 A 4> 
-43 -40 -42 

27 27 28 42 43 31 44 34 34 38 37 35 36 32 41 39 
^ 

O^se" -38 -37 -48 -45 -30 -38 -48 

37 32 33 30 18 40 34 32 38 38 33 49 29 26 25^, ^' -31 -40 -45 -49 -35 -42 -43 -41 -42 

42 36 23 40 21 30 37 38 27 36 28 30 38 ^r -38 -31 -33 -42 -46 -34 -42 -40 -42 -34 -37 

24 24 23 25 28 18 22 28 25 16 
> 

<<!?■ "^M -32 -34 -46 -40 -38 -33 -37 -40 -47 -34 -48 -36 

II 19 13 19 26 25 19 23 31 2V ̂ T -45 -32 -47 -43 -37 -42 -37 -46 -50 -47 -42 -43 -34 -52 

25      24        23      22 20       19       18       17       16        15       14 12        II        10 9876543210 
RO-2994-47 

FIG. 18   WINTER HEATING, ^ „t r = 22 M hour) 

Units:   TO"15 radians sec"' 

65 

■■■■■ ■ ■■■-r ■ ■ ■■   :::..,-,.:..-. 



«10" 

19 

IS 

17 

IC 

IS 

14 

13 

12 

II 

10 

-M j  -S4 

-»S 

-57 | -62 

-S2 

-SO 

-S8 
\ 

-52 

-«8 

-M 

-iT 

-65 

-64 

N! 
-5V 
-54 

-52 

-J5 

■i7 

-6B 

-63 

-51 

•II      -ii       -«    -II   |  -12     -IS | -'S     -IC -aJfc. »■*"•*! 
_ ji, -20 . —- ""     .     —» « 1 j 1— 

-S7 

-6« 

-n 

-48 

-5a 
-40- 

.60 

-75 

-76 

--fii 

-53 

-48 

-45 

-J» ^JP—4 

-56     -4» 

-72 

-78 

-72 

-78 

r1 
78   \-8l 

-73 

-62 

•76 

-64 

-72 

-79 

-«0 

-84 

-85 

-65 

-54 

-4»- 

-72 -72 

-«k- 

■89 

-66 

-54 

-45 

-« 

-73 

-82 

-72 

-6 

'2« 

-•9 

-II ! -10 

-o    -o 

—- 
-10 

0     -o 

-6   i  -T 

•0 

-91 

-67 
-60 
-54 

-40 
-35 

-67 

-53 

-91 

-66 

-53 

*/0    -^.-^-i.^   -* 

-72 

-0« 

-91 

-65 

-53 

-57 

-71 

-83 

-64 

-51 

-55 

-70 

-90 

-87 

-63_ 

-51 

-27 

-29 

-53 

-66 

-83 

-87 

-84 

-73 

-» 

-J» 

-52 

-6« 

_;6iJ,-U»- 

-50 

-• 

-a 

-S7 

-j 

-tu 

M i  -» 

-» 

-9 

-50 

K 

-82<*'-78 

*S% 

=3* 

•9 

-24 

-J» 

-49 

-61 "Vc»9 

-77 

-71 

-75 

-26 

-45 

-45 

■JS_ 

-9 

-J 

-0 

■10 

-24 

-JS 

-57 

-68 

-52 

-44 

"^36 

-28 

-J 

•>0 

-M" 

-32 

:25- 

-2 

~2' 

-30 

-42 

-55 

-68 

-65 

-50 

-43 

-35 

-»t^ 

-52 

^> 

-64 

-61   , 

-55 

-49 

-41 

-34 

-26 

49      48      47      46      45     44       43      42      41       40      39      38      37      36      35      34      33       32       31       30      29       28      27       26     25 

66 

>■,;■,. .■-V,;:,.C..   ■■ ,.  n «Mnaaamra 



-0 -0 -0 -0 -0 -0 -0 -0 -0 -0 -0 -0 -0 0 -0 -0 l-o -0 -0 -0 -0 -0 •0 -0 -0 

-M •u -61 -<0 -9« -M -94 -u -91 -49 -47 -49 -44 -42 -41 -40 -je -3« -39 -35 -34 •33 •32 -34 -S9 

•ZI ^11. ■flT -1« -» -17 -17 -17 -W -1« -1« -M -I« •16 -!• •i« -19 -IS •IS -14 -14 -M -M -14 

-T -7 -6 -s -S -4 -4 -4 -9 

6 

-9 

7 

-S -2 -2 -3 -S -s -3 -3 -3 -3 -2 
• 0 

-2 •2 -2 -J 
' ^^^m 

^^^™ 

-2 -2 - -i -0 c 2 S • • 12 14 16 18 19 
^: 

TO- -sr 21 

-20 

21 21 22 24 

-0 -0 -1 -i -0 V _ 3 

-9 

4 9 c • • • 10 II 12 IS 14 19 19 19 17 17 II 

-II -W -10 -9 -• -7 -6 -9 -3 ■s»" ^. 2 3 

-3 

4 4 4 4 4 3 2 J- -»- 

■=»• ^I*. .-m^ -19 -1« -17 -19 -14 -12 -II -9 -7 -• -4 -3 -2 -3 -4 -9 -8 -II •14 -16 -ia 
i 

-» -27 -26 -29 -24 -22 ->- 
> 

-17 -16 -14 -12 -II -10 -9 -9 -9 -9 -9 -10 -12 -« -17 -17 -IS 

O« 
^** ^ 

-36 -34 -39 -31 -30 -28 -27 

S 

-29 -24 

S. 

-22 NP % 
-19 -17 -16 -16 -19 -14 -14 -14 -14 -i2 -10 -10 -9 

-SI -49 -47 -46 -44 -36 -39 -32 -30 -27 -26 -24 -22 -21 No 
\ 

-19 -17 -16 -14 -7 -3 

> ? sT 

-99 -96 -94 -91 -49 -47 -44 
\ 

-39 

\_ 
X 
1 

-37 -34 -32 -30 -27 -26 -23 -21 

i 

1 
|-I9 -17 -14 -7 

/ 

< 5 6 

-96 -99 -93 -90 -47 -44 -42 -36 -39 -33 -30 -26 -29 -22 -19 -II 

> 
^ 6 8 9 II 

^58 -96 -93 -90 -47 -45 -43 -40 < '-39 -36 -34 -31 -27 -29 <6 -10 -6 X 6 II 12 14 14 14 

-53 -91 -48 -46 -44 -42 ^ -38 -36 -33 -29 -26 
o2> 

^ -11 -5 s 7 II 15 17 18 18 18 17 

-47 -49 -43 -42 >»' -37 -35 -32 -29 -26 -22, ^-17 -12 -7 ^ '* II 15 18 ja~ 'TT ~2I~ ~2r" «k 
^ao —66- ^sT* -39 -33 -30 -28 -24 -22 ■MT -14 -8 -*„ ^ 8 14 18 

-2?' 
,.»-' 23 2« 24 25 24 23 22 

-32 -30 -29 -27 -24 -23 s30 ■=TB' -14 -9 "V -^ 7 n 15 \%^ 25 27 29 29 29 29 27 29 

-2S -23 J2. ^ao- "^if -16 -14 -10 -5 y <» 9 14 '^ xrr" 29 28 29 31 32 32 31 30 28 26 

25       24      23      22       21       20       19        18        17       16       15        14       13       12        II        10 I 0 
RD-ZVM-M 

FIG. 19   WINTER HEATING, T,, of r - 22 (-1 hour) 
Units:   lO-3 "C 
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FIG. 20   WINTER HEATING, w of T = 182 (-9 hours) 

Units:   10"3 cm sec"' 
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FIG. 21    WINTER HEATING, ^ of T .  182 (-9 hours) 

Units:   10"7 tons m"3 
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FIG. 22   WINTER HEATING, p,, at r = 182 (-9 hours) 

Units:   lO-2 mb 
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FIG. 23   WINTER HEATING, v ot T . 182 (~9 hours) 

Units:   10"' cm sec"1 
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FIG. 24   WINTER HEATING, a;a ot r • 182 (~9 hours) 

Units:   10"10 rod ions sec'1 
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FIG. 25   WINTER HEATING, u at T e 182 (~9 hours) 

Units:   10"' cm sec"' 
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FIG. 26   WINTER HEATING, T,, ot T ■= 182 {~9 hours) 

Units:   lO"2 °C 
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FIG. 27   WINTER HEATING, STREAMLINE SCHEMATIC AT r - 182 (~9 hours) 
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latwwlfylBf.   Tb» prmiamimnt nortlnttrd aotloo —— to TMeh a pMk 
at «boat Boar 6: thmrm^tUr thm aoatlMMrd fie» toglns to doslMit«.   Ihla 
obMrvstloa mvn»»t* tbmt • hMlspter* eoaprvMlOB-grmvlty oaelllatloa 
with pmriod of «boat 14 hoara is •uparlapoMd on th« Mrldloaal ealluUr 

eiveutotioa. 

Ihla mior gravity oaeilUtioB oeeura toMVM of th« ralativ« 
•hrvptMM of th« wlator hwtlac «ppllad to « Standard AtM«ph«r« «t 
r«Utiv« rMt.    It« r«v«rMl« «r« dlctot«d by Mro f lor at th« polo and 
acroa« th« ««««tor.    TO avoid this ««eillatlon, th« iMatlng «ould ha»« 
to bo iatrodaood gradually ovor a poriod of a day or «o. 
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VII RECOMMENDATIONS 

On appraising the «odel and the experiaental finding», a mmber of 

modification« and improvenent« nay be put into focus. 

For the investigation of planetary circulations driven by seasonal 

heating, the aost obvious and aajor improveaent is to extend the model 

from pole to pole. This not only removes the artificial boundary 

Influence on the hemisphere, but also allows us to Investigate the 

important seasonal exchanges of mass, momentum, and energy between the 

northern and southern hemispheres. 

Another mjor consideration is that the model be reprogrammed for 

a faster computer with greater storage. This would make experiments 

more economical on the one hand, and would allow the evolutions to be 

carried to great lengths on the other hand. 

In planning to so extend the evolutions, additional physical 

processes should be included. Those to be considered are: 

(1) The surface layer should be frictionally coupled to the 

earth with a flow of angular momentum across the lower 

boundary. 

(2) There should be mixing in the vertical, attributed to con- 

vection. This may be handled by exchanges of mass, momentum, 

and energy between modules along the vertical.  This can be 

done periodically and should be dependent on vertical structure 

and stability considerations. 

(3) A horizontally acting friction may also be necessary. A 

friction of the type 

^ (PVH)   =  *  •  •   +  [^1^ <PVH)  +  M2VHVH.  (pVH)] (116) 
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may be considered. This friction allows independent lower- 

scale control of horizontal mass divergence and momentum 

vorticity.* 

When allowing convectional mixing, the heating, particularly the 

sensible heating, should be modified accordingly. 

The numerical analogue which we have developed is also, of course, 

not the last word. We have tried to rigorously couple the variables by 

physical relationship.  In this we have not been completely successful, 

as evidenced by some double differences in the analogue. The selection 

of levels and the module dimensional constants may also be subjected to 

further statistical refinements. For lengthy evolutions, the "leap-frog" 

method may create some difficulties. The method may introduce extraneous 

behavior as shown by linear analysis.  A non-linear numerical instability 

may also arise; however, the type discovered and analyzed by Phillips 

in 1959 is due to interactions in two horizontal dimensions.  The use 

of the centered single-difference analogue, Eq. (83), should also be 

considered. 

With these modifications, it should be possible and profitable to 

carry the integration through a complete annual cycle. This should 

be possible on one of the larger available computers, in the order of a 

few seconds per time step. The evolution can again be started with a 

Standard Atmosphere at rest, or with balanced zonal motion.  The heating 

should be introduced in steps over a period of several days, in order 

to -void exciting a 48-hour pole-to-pole compression-gravity oscillation. 

Such an experiment would yield an abundance of information on the 

primary scale (the planetary scale) in our atmosphere.  It would indicate 

the jrculation undisturbed by longitudinal variations and dynamic- 

instability breakdowns, and would allow a separate appreciation of these 

effects.  It would yield more understanding of the cascade of energy 

downscale from the primary and dictating planetary scale. 

* This form of friction with experimental findings will be discussed 

in a forthcoming report by the author. 

87 



■me model may also be used to investigate a number of geophysical 

influences and may be applied to arbitrary planetary atmospheres. 

88 

.  ■.  . 



ACKNOWLEDGMENT 

The capable assistance of Harmon Wlldermuth in all data and 

diagram preparations is gratefully acknowledged. Leonard McCulley 

performed the difficult task of integrating the numerical analogue on 

SRI's Burroughs 220 Electronic Computer. 

89 



REFERENCES 

1. K. L. Coulson,  "Atmospheric Radiative Heating and Cooling/' 

Scientific Report 1,  Contract AF 10(604)-5965,  AFCRL TN-60-273, 

Stanford Research Institute, Henlo Park, California (1960). 

2. K. L. Coulson and P. M. Furukawa,  "Distributions of Atmospheric 

Radiative Heating and Cooling," Scientific Report 2, Contract 

AF 19(604)-5965, AFCRL-TN-60-835,  Stanford Research Institute, 

Henlo Park, California  (1960). 

3. H. U.  Roll,   "On Heteorological Objective Analysis and Hodel Theory," 

Final Report,  Contract AF 19(604)-5703, GRD-TR-60-293,  Stanford 

Research Institute, Menlo Park, California  (1960). 

4. H.  H.  Holl   (1960),  op.   cit.,   p.  27. 

5. H.  H.  Holl   (1960),  op.   cit.,   p.  28. 

6. H. H. Holl, "A Numerical Investigation of the Barotropic Develop- 

ment of Eddies," Geophysics Research Papers, No. 61, USAF (1958). 

7. M. M. Holl (1958), op. cit.. Sec. 5. 

8. N. A.  Phillips,  "An Example of Non-Linear Instability," The 

Atmosphere and The Sea in Motion.  The Rossby Memorial Volume, 

(The Rockefeller Institute Press, New York City,   1959.) 

90 

' ■■'   ■'-•'-':■ .■..■^ügao^i^Raro:w-7-.•■■ ■■■.■.   -v .,-.,■.;.:. 



STANFORD 
RESEARCH 
INSTITUTE 

MENIO   PABK, CAUfOiMIA 

Regional Offices and Laboratories 

SOUTHERN CAUFORNIA LABORATORIBS 

820 Minion Street , 
South Pasadena, California 

WASHINGTON OFFICE 
808 17th Street. N.W. 
Washington 5, D.C. 

NEW YORK OFFICE 
270 Park Avenue, Room 1770 
New York 17, New York 

DETROIT OFFICE 
The Stevens Building 
1025 East Manie Road 
Birmingham, Michigan 

EUROPEAN OFFICE 
Pelikanstrasae 37 
Zurich 1, Switzerland 

Representatives 

HONOLULU, HAWAII 
Finance Factors Building 
195 South King Street 
Honolulu, Hawaii 

LONDON, ONTARIO, CANADA 
85 Wychwood Park 
London, Ontario, Canada 

LONDON, ENGLAND 
15 Abbotabury Close 
London W. 14, England 

MILAN, ITALY . 
Via Macedomo Melloni 40 
Milano, Italy 

■■Mm ■■■iiiwimiiiimMP 
,:f:mma^m&mmmasmmmm 



_L 

UNCLASSIFIED 

ill 'iiai 

1    f' 

UNCLASSIFIED 

a. l 



:. 

■ 

d 

(■A 7 

•lg» Of tO BiJMM 

M) iartMd of sq. <6S) 

p. M   UM 4 - (6») «mad ta (64) 

. 3»   UM 1 - ebne«   U^   to 

UM 10 P to p 

v - 

- 1 

. p. 41   UM 4 - MrlodlOMl to Mrldlonal 

' ' l J 

J 

0 

•   ^ 

; 


